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PRIZE PROBLEMS FOR STUDENTS. 


I. 

Ir z be the distance of the eye from the centre of a sphere, 

of which the radius is 7, prove that the visible part of its surface 
is to the invisible as x—r:x-+r. 


I. 
Transpose the series 
1+ 8+ 19+ 34-+ 53 + 76 + &e, 
so as to find the sum of x terms by means of the usual formula for 
summing the squares of the natural numbers. 


Til. 
If a,5,c are the sides of a spherical triangle, and A, B, C the 
opposite angles, prove that 


sin 6 sine + cosé cose cos A= sin B sin C— cos B cos C cosa. 


IV. 
If, on the sides of a given plane triangle, equilateral triangles be 
constructed, prove that the triangle formed by joining the centres 
of these equilateral triangles will also be equilateral; also prove 


that the straight lines joining the vertices of the equilateral tri- 
VOL. I. 34 
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angles and the opposite angles of the given triangle are equal, and 
all intersect in the same point. 


V. 
If an angle (A), and the sum of the squares of the sides of a plane 


triangle, be given (= 8a’), prove that the curve which continually 
bisects the side opposite to A is an ellipse, and determine the numer- 
ical values of its principal diameters when A = 60°, and a = 10. 


The solution of these problems must be received by the first of 
July, 1859. 


REPORT OF THE JUDGES UPON THE SOLUTIONS OF THE 
PRIZE PROBLEMS IN No. IV., Vol. I. 

Tue first Prize is awarded to Wituiam E. Merri, Cadet, First 
Class United States Military Academy, West Point, N. Y. 

The second Prize is awarded to W. F. Ossorng, Sophomore Class, 
Wesleyan University, Middletown, Ct. 

Prize SoLutTion oF Prosiem I. 
“Tf the triangle DHF be inscribed in the triangle ABC, the circumferences 


of the circles circumscribed about the three triangles A ZF, BF_D, CD E, will pass 


through the same point.” 

Let the circles described about the triangles BF D and DCE 
intersect at the point 0. Connect O with 
the vertices D,£,F of the inscribed tri- 
angle. Since the angle F OD is the supple- 
ment of B, and the angle FO D is the sup- 
plement of C, .. the angle FO F= B+ C. 

Adding A to both sides, we have FO E+ A= B+ 0+A=180°. 


.. O is on the circumference of the circle circumscribing the triangle 
AEF. This solution is by W. F. Ossorne. 
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Prize SoLution or Prosiem II. 
“ Given the base of a spherical triangle, and the ratio of the tangents of the angles 


at the base; to find the locus of the vertex.” —- Communicated by GrorGe East- 
woop, Esq. 


Let ABC be the triangle. Refer the vertex C to the base 
by the perpendicular (D. Denote the base by a, and AD by z; 
DB will be denoted by a—z. From the triangles AD C and CDB, 
Napier’s Circular Parts give 
sin z= tan CD cot A, sin (a— x)= tan CD cot B. 


_ Sin(a—-z)  tanODeotB__tanA __ a er 
, snz  tanCDeotA tanBo = © Ss 


m sinx = sin(a—z) 
= sina cos  — cosa sinz, 
sin z(m + cosa)= sina cos z, 
*. sin? z(m + cosa) = sin’ a cos’ x = sin’ a (1 — sin®z), 
*. sin’ z (m? + 2mcosa-+ 1)=sin’a, 


+ sina nies Gites: 
Vim +2mcosat+l) * aus 


Hence A D is constant for all positions of the vertex C, and the 
required locus is therefore a great circle perpendicular to the base. 


If m=1,2= 4a; that is, the base is bisected by the locus. This 
solution is by Witi1am E. Merrit. 


sin z= 





Prize So_ution or Prostem III. 

“Tf in any triangle a line be drawn from the vertex of either angle to the oppo- 
site side, bisecting the angle, prove that the product of this line and the secant of 
half the bisected angle equals a harmonic mean between the two sides containing 
the bisected angle.” — Communicated by Prof. J. M. VANVLECK.) 


Let the angle ABC, which is bisected by BD, equal 26. 
Then the area of the triangle ABD—=4AB Xx BDsiné; the 
area of CBD=%4BCX BDsiné; the area of ABC=4AB 
x BCsin26. 


~3 BCX BDsiné+4ABX BDsndb=4ABX BCsin26, 
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 (BC+LAB)BDsn6b=ABX BCsin26 
=2ABx B Csin 6 cos 6, 


2ABX BC 
: A sivahioese 
BD sec b= 4-H: 
This solution is by Asner B. Evans. The problem was solved in the 


same manner by W. L. Osporne. 


— SoLuTIon oF Prosiem IV. 

“If A, B, C, and D be any four points in the same plane, so situated that four 
circles, ABC, ABD, ACD, and BCD, can be drawn through them three and 
three, prove that the circumferences of any two of these circles will intersect at the 
same angle as the circumferences of the remaining two.”— Communicated by Prof. 
H. A. NewTon. 

Let A,B, C,D be the four points, joined by straight lines, two 

J and two. Since each of these lines 
is a common chord to two of the 
circles, and since the angle formed 
by a tangent and a chord is equal to 
the inscribed angle measured by the 
same arc, we have ABD=DAE 

fand ACD=DAF. ».. ABD— 
ACD=DAE—DAF=FAKE=the angle made by two of 
the circumferences. 

Agan, BDC= BCG,and BAC=BCH. 

. BDC—BAC=BCG—BCH=HCG. 

But AOD=BAC+ABD=ACD+BDEC. 

. ABD—ACD=BDC—BAC=FAE= HCG. 

In precisely the same way the proposition may be proved for 
any other circumferences two and two. 


It is evident that either point, as D, may fall within the triangle 
formed by joing the other three points ; but it will not be difficult 
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to modify the figure, and prove the proposition for this case. This 
solution is by W. F. Osporne. 


PrizE SOLUTION OF PROBLEM V. 

“A paraboloid of given dimensions but unknown specific. gravity is immersed 
in common water, until its summit coincides with the surface of the fluid. The pres- 
sure from above being removed, the body ascends by the force of the water until its 
base coincides with the fluid’s surface, and then descends, and so on. Find from this 


circumstance the specific gravity of the body.”—- Communicated by GrorGe East- 
woop, Esq. 

Let BA C represent a vertical section of the paraboloid through 
its axis AD. Let AN=z, EN=y,AD 
=a,BD=b4. Then from a property of 


the parabola ?:y°::a:xz. Whence 7? = 
Pax 
a 
the water at any instant. Then the amount 


of water displaced equals the solidity of the 
frustrum 


EBOCF=ABC—AEF=4n0a—hnya=% (@—2’). 


Let g =the specific gravity of the paraboloid, then its weight, 


Let ENF represent the surface of 


. . nm 
water being the standard unit, => 0° ag. Then 


ne. 4 M 19 nb.» 9 2.\__ F__ tha rer 
3g (CU —%)— 5 Pag= 5, (€—#—¢9) =F = the force tending 


to elevate the paraboloid at any instant. If the summit A was at 
the surface of the water when the ascent commenced, the space 
s=AN=z. Let v=the velocity due to the space s; then, since 
the accelerating force is variable, we have /'ds—=mvdv; m denot- 
ing the mass of the paraboloid. 
Substituting for F and s their values as found above, we have 
a? 


3g (@ —¥— eg) dx=m vdv. 


° Po ‘ ne x 9 
Integrating = (a —a’g)t—F5—.5 = 3m’. 
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As v= 0 when x =a, we have 


al? nb? a’ 
aq (F— #9) 4—5~-5=0. 
Whence, from this equation, y= % of the specific gravity of water. 
This solution is by Asner B. Evans. 


JOSEPH WINLOCK. 
CHAUNCEY WRIGHT. 
TrRuMAN Henry SAFFORD. 





THE CONIC SECTION COMPASSES. 


By Josrern P. FRizeLt, Lowell, Mass. 


Tue frequency with which the ellipse, parabola, and hyperbola 
occur in architecture and mechanics, the extensive applications of 
which they are capable in the solution and illustration of algebraical 
and geometrical questions, and their many interesting properties, 


which can be fully appreciated only when they are correctly drawn, 
render an instrument which describes them with readiness and pre- 


cision, a valuable addition to our present stock of mathematical ap- 
paratus. 


The instrument represented in the accompanying drawing is 
designed to effect this object, which it does by virtue of the well- 
known property which gives to these curves the name of conic sec- 
tions. I shall first describe the instrument, and, next, indicate the 
theoretical considerations on which its operation depends. M is a 
heavy rectangular block of metal with two beveled edges, the 
weight of which serves to keep the instrument in its position. At 
right angles to the plane of its base is fixed the vertical pillar S, 
which is graduated to inches and twentieths upon its face fg. 
Upon this pillar slides vertically the disc F', capable of being fixed 
at any height, by means of a clamp screw, the nonius or index 
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whereby it is thus adjusted coinciding, in vertical height, with the 
point ec. On the face of the disc, next the pillar, is graduated an 
arc of ninety degrees, the centre of which is at ¢, and its zero in a 
horizontal line passing through ¢. Upon the front face of this disc 





Fig. 1. 
is fixed the guide CD, which radiates about the centre c, and is 
adjustable upon the disc at any angle of the quadrant, by means of 
an index, vernier, and clamp screw at R. Two lugs, formed upon 
this guide at C and D, embrace the axis or journal, m, which re- 
volves in the lugs, and is capable of no other motion. This axis is 
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extended beyond the guide (D; and upon its extension is formed 
another small disc, Z. To this dise is jointed another guide, G V; 
radiating about the point V, which is in a straight line passing 
through ¢ and the index at K. The guide G V may be adjusted, 
at any angle, to the axis K V by a clamp screw / and a limb J fit- 
ting into a corresponding groove in the disc Z; the united length 
of the limb and groove being, if necessary, available, thereby allow- 
ing of any inclination GV from near zero to ninety degrees. 
A perfectly straight rod or ruler, A P, carrying a pencil at its ex- 
tremity A, is fitted to slide accurately, but with as little resist- 
ance as possible, through the guide @ V; its central line passing 
through the point V. It must be observed, that by the point V is 
meant the point where the short axis, around which ¢ V radiates, 
is intersected by the axis of the cylindrical journal m produced ; 
and that by the point ¢c is meant the point where the axis around 
which CD radiates is intersected by the axis of m. On each edge 
of the block M is marked a line coinciding with a vertical plane 
passing through the points V and ¢; b being vertically under ec. 

Suppose, now, the instrument to be standing upon a table or 
drawing board, the point A of the pencil touching the surface of the 
paper. If the journal m be made to revolve, carrying around the 
rod P A, this latter will generate the two nappes of a cone having 
its vertex at V. If, during such revolution, the rod P A be slipped 
through the guide so as to keep the point of the pencil in contact 
with the paper, it will describe a conic section determined in species, 
magnitude, and position, by (1) the angle at which the index X is 
placed upon the disc /’; (2) the angle made by the generatrix P A 
with the axis ; (3) the position of the point V. | 


I proceed to the theoretical considerations which indicate the 


method of adjusting the instrument so as to draw any given curve. 


Two questions present themselves in this connection: name- 
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ly, (1) What conditions must a plane satisfy, in order that its inter- 
section with a given cone may be a given curve? (2) What condi- 
tions must a cone satisfy, in order that its intersection with a fixed 
plane may be a given curve? To solve the first: Suppose a cone, in 
which v represents the angle at the base, to be intersected at a dis- 
tance a from the vertex (measured on the slant side) by a plane, 
making an angle w with the base. The general equation of the 
curve of intersection will be 

(1) y’ = 2az cotv sin (v + uv) —2* (1—55*) 
in which the curve is referred to its vertex and transverse axis. 

The general equation of a conic section, referred to its vertex 
and transverse axis, is 


(2) xy =2m2r(1+e)—v#7 (1—e) 
where m is the distance from the focus to the vertex, and ¢ is the 
eccentricity. Therefore, by the principle of indeterminate co- 


fy 


efficients 1—- = 1—é, and 2acotv sin(v+u) =2m(1+e). 





Therefore, sinu =e sinv (3), and a= th ah wD) (4), which are 


cot v sin (v + 


the required conditions. 

The solution of the second question is contained in the two fol- 
lowing propositions. 

(1) If a sphere be enveloped by a cone whose surface is inter- 
sected by a plane tangent to the sphere, the point of tangency is a 
focus of the section. 

(2) The locus of the vertices of all the right cones whose inter- 
section with a given plane is a given curve, is a conic section, hay- 
ing its vertices at the foci, and its foci at the vertices of the given 
curve ; its plane being perpendicular to the given plane, and inter- 
secting it in the transverse axis. If the given curve be an ellipse, 


the locus is an hyperbola; if an hyperbola, the locus is an ellipse ; 
VOL. I. 35 








— 266 — 


if a parabola, the locus is also a parabola. Both these properties are 
readily deduced from Equation (3); and, when I began to write 
this article, 1 was not aware that the second proposition had ever 
been stated before. I have since found them both in the Cambridge 
Philosophical Transactions, Vol. IIL, Part 1, Memoir 8, where they seem 
to be claimed as original discoveries by Pierce Morton. A reference 

to this authority renders a demonstration unnecessary. 
These properties will be more readily understood from an ex- 
} amination of Fig. 2, which is supposed 
to be an axial section of a cone or sys- 
tem of cones; AB being the projec- 
tion of a cutting plane, and the circles 
tangent at F, F’, sections of the inscribed 

spheres. 

The curve of intersection may be 
| regarded as an ellipse whose vertices 
} are A, B, and foci /, F’; an hyperbola 
Fig. 2. whose vertices are A’, B’, and foci F, F’; 
or a parabola whose vertex is A and focus F. In the first case, the 
vertex of the cone is at V; in the second at V’; in the third at V”. 
By supposing the circle tangent at /’ to vary in magnitude, it is 
shown, in the first case, that the locus of V is an hyperbola having 
its foci at A,B, and its vertices at /,F’; in the second case, that 
the locus of V’ is an ellipse having its vertices at /', ¥” and its foci 
at A’, B’; in the third case, that the locus of V” is a parabola, hav- 
ing its vertex at F and focus at A. It is obvious that the axis of 
the cone is tangent to the locus at V V’ V”, since, in the case of the 
ellipse and hyperbola, it makes equal angles with lines drawn from 
V, V’ to the foci, and in the case of the parabola it bisects the 


angle formed by a line to the focus, and a perpendicular upon the 
directrix. 
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These properties indicate the method of adjusting the instru- 
ment so as to draw any given conic section. From the equation of 
the given curve, or from the data by which it is given, the equation 
of the corresponding locus must be found. Any convenient point 
in this locus being chosen by assuming one of its codrdinates, and 
finding the other from its equation, the angle which a tangent to 
the locus at that point makes with the transverse axis must be 
found. This angle must be laid off on the disc F. The point V 
in the instrument must be placed at the point chosen in the locus. 
The inclination G VK must then be made such that the point A of 
the pencil shall touch the vertex of the given curve. The instru- 
ment is then ready to draw the curve. 

As an example of this operation, let it be required to draw an 
ellipse whose semi-transverse axis is A 0, and whose semi-focal dis- 
tance is FO. We are first to find the angle to be laid off on the 
disc #. This may be done in either of two ways. (1) Let the 
equation of the locus of V be formed, which will be A’y*— B’ 2? 
= A? B’, in which 47 = AO, B= AG — FO, and z,y are the 
general codrdinates. In this locus choose any convenient point to 
be occupied by V (Fig. 1). Designate its codrdinates by 2’ y/’, 7/ 
being any assumed distance Vn, and 2’ = / A’ + = y”. The equa- 
tion of a tangent to the locus at V is A’ yy —BPr2e—=——A BP, 


in which, if we make y= 0, we have a=. Make 0 P = as 
and through P draw VP. The angle V Pn is the angle required. 
(2) A very much simpler, though perhaps slightly less accurate, 
method of finding this angle, is by a geometrical construction indi- 
cated in the figure; thus, erect the perpendicular /'¢, upon which 
with any convenient radius CF draw a circle. From A and B draw 
tangents to this circle, and from V, their point of meeting, draw 


through C a line meeting, ABin P. V Pn is the angle required, as 
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before. The angle thus found must be laid off upon the disc 7’, and 
the axis clamped in that position by the thumbscrew AK. Upon PV 
produced, take Ve=V C (Fig. 1), and draw cd perpendicular to AB. 
Next, place the edge 4 of the instrument at d (Fig. 2), taking care to 
make the line a4, and its corresponding line on the opposite edge of 
the block J, coincide with the prolongation of the transverse axis. 
Elevate the disc F till its index is at a distance cb above the paper, 
in which position let it be clamped. Make the inclination of the 
generatrix to the axis such that A may touch the vertex of the 
curve, which can then be drawn. 

If, from the great eccentricity of the ellipse, the pencil meets 
the paper near the opposite vertex, at too great an inclination to 
produce a definite line, one half the curve can be drawn, and then 
the instrument must be removed to a corresponding position on the 
opposite side of the centre to draw the other half. 

In a manner entirely similar to that described for the ellipse, 
the instrument may be adjusted to draw either of the other conic 
sections. 





ON CONTACT, CENTRES OF SIMILITUDE, AND RADICAL 
AXES.* 


By MatTruew Cotuns, B. A., Dublin, Ireland. 


1. Tue straight line joining the ends of any two parallel radii 
of two given circles passes through a fixed point in the line joining 
their centres; namely, the point where the distance of the centres 
is cut (externally or internally) in the ratio of the radii. 

Let O and 0’ be the centres of two given circles, 0 C and 0’ C’ 
any pair of parallel radii,and P the point of intersection of C C’ 











* See Note at the end of this article. 
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and 00’; then as OC is parallel to 0’ C’ -. the triangles P 0 0, 
PO © are similar ; therefore P 0:P = OC: 0 C’, and therefore 
constant; and as points 

O and O' are fixed, there- | 

fore P must be so too. 

But if O' C” be par- 
allel and contrary to 
0 C, then OO will ob- 
viously be cut internal- 
ly by CC” at P’, in the | 
ratio of the radii, so that moos Fig. 1. 

P’ will be fixed as well as P, and OO will therefore be cut 
harmonically at P and JP’, which are called the external and in- 
ternal centres of similitude of the two given circles. 

Corottary. Hence the point of contact of two circles is ob- 
viously their external or internal centre of similitude, according as 
the circles touch each other internally or externally ; and a common 
tangent EE’ to two circles always passes through their centre of 
similitude, since the radii OZ and 0’ E’, passing through the points 
of contact £ and £’, are both perpendicular to the common tangent, 
and therefore parallel to each other. 

2. If OC be paralled to O' C’, then OD must be parallel to 
0 D’, D and D’ being the points where CC” cuts the circles. Again, 
the angle ODC=O0CD=00CD=0D C’, and therefore 0 D 
is parallel to O' D’; that is, D and D’ will correspond if C and C’ 
correspond. 

3. Conversely, if from the centre of similitude P of two circles 
any line be drawn cutting them in C’, D’, C, D, so that C corresponds 
to 0’, then PC x PD=PC’ XX PD will be constant; and there- 
fore PBX PA =PAXPB=PEXPE"'. For as C cor- 
responds to C’, 0 Cis parallel to 0 C’, therefore P C: P C’ is con- 
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stant (= 0 C: 0'C’), and as P C’ X PD’ is constant, therefore also 
PC xX PD is constant. 

Oss. If the circles touch at B, A’ will coincide with B, and the 
constant value of P C «x PD’ will then be P B’. 

4, By supposing one of the two given circles to become infinite, 
it follows that the centre of similitude of a straight line and circle 
is that point P on the circumference at the greatest (or least) dis- 
tance from the given straight line and, moreover, that if through 
this point P any straight line be drawn cutting the given straight 
line and the circle in Cand C’, then P Cx P C’ will be constant, 
as is easily demonstrated otherwise, directly. 

5. The radical axis of two circles is the locus of a point from 
which the tangents to the two given circles are equal to each other 
and is a straight line. For if the tan- 
gent P C= the tangent P C’, O and 
0’ being the centres, A the middle 
point of 00’, and PB perpendicu- 
lar to OO, then 200xKXKAB= 
PP—PO:.=00C?— PO C”; and 

Fig. 2. as OC, OC’, and OO are given, 
.. AB is given, and therefore the point B is fixed, and so the locus 
of P is a straight line perpendicular to 00 at B, when O 0’ is 
divided, so that OB?—O BP=—00C?— 0 Cc”. 

Corottary. The radical axis of two circles that cut each other 
is their common chord, and the radical axis of two circles that 
touch each other is their common tangent at their point of contact, 
as is directly evident. 

6. If a variable circle touch two fixed circles, the line joining 
the points of contact will pass through their centre of similitude, 
and the tangent from this centre to the variable circle will be 





constant. 
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Let the variable circle 0” touch the two fixed circles 0 and 0’ 
at C and D’, and let CD’ 
produced cut circle 0 
and the line 0’ 0 in C" 
and P. Now 00” and 
0 O” pass through C and 
D,and angle 0 0’ D' = 
angle O' D’ C’ -.=an- 
gle O” DC -.= angle 
O” CD, and therefore 
0’ C’ is parallel to 0 C'0"; 
and therefore by Arts. 1 = 
and 3, CD’ passes through P, and P 7?= PC x PD’ is constant, 
P being here the external centre of similitude of the two fixed cir- 
cles O and O’,and P T being a tangent to the variable circle 0”. 

Cor. 1. Hence if a variable circle 0” touch two fixed circles 0 
and 0’, it will also cut orthogonally another fixed circle whose 
centre is P and rad.—= P 7’; and therefore conversely, if a variable 
circle touch a fixed circle, and cut another fixed circle orthogonally, 
it must also touch another fixed circle. 





Norte. If the variable circle touched one of the two given circles 
externally, and the other internally, then the point P’ through 
which the chord of contact always passes would obviously be the 
internal centre of similitude of the two given circles; but in all 
other cases P will be the centre of similitude. 

Cor. 2. If the two given circles touch each other externally at 
B, so that A’ coincides with B, then P must be the external centre 
of similitude, and the tangent P 7 to the variable circle will be 
equal to P B, since by Art. 3, Obs., PB’ is then equal to P Cx P D’ 
= PT”. But if the two given circles touched each other internally 
at B, then by the foregoing Note, the line CD’ joining the points 
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of contact will pass through their internal centre of similitude P’, 
and the tangent from P” to the variable circle will then too be equal 
PB. 

Cor. 3. If one of the given circles becomes very large, its cir- 
cumference becomes nearly straight, as in Art.4; and hence if a 
variable circle touch a given straight line and a given circle, the 
chord of contact will pass through a fixed point on the circumfer- 
ence of the given circle, and the tangent from this point to the 
variable circle will be constant, which could be easily otherwise 
demonstrated directly. 

Cor. 4. If another circle 0” also touch the two circles O and 0 
at ¢ and d’, then by this Art. 6, cd’ must also pass through P, the 
centre of similitude of O and 0’, and the tangent from P to circle 
O” will be equal P 7' the tangent from P to 0”, and therefore, by 
Art. 5, P must be a point on the radical axis of 0” and 0”. Hence 
this theorem, namely, Jf each of two circles touch (in the same way) another 
par of circles, the centre of similitude of either pair les upon the radical 
axis of the other pur ; if each of the pair of circles 0”, 0” touches one 
circle of the other pair (0, 0’) externally, and the other circle in- 
ternally, then (by Note, Art. 6) P would be the internal centre of 
similitude of O and 0’; but in all other cases P will be their ex- 
ternal centre of similitude. 

Cor. 5. If we conceive the circle 0” to remain fixed, as well as 
the two given circles 0 and 0’, and 0” alone to vary, then, by the 
preceding Cor. 4, the centre of similitude Q of 0” and O” must lie 
upon the radical axis A B of O and 0’; let d and z be the distances 
of AB from the centres of O” and 0”; then by Art. 1, rad. of O”: rad. 
of 0 = Q0": QO", therefore by similar angles equal x:d; or rad. 
of O" :4= rad. of O'":d, and hence we have the following most 
useful and important theorem; namely, Jf a variable circle touch two 
fixed circles, its radius varies as the distance of is centre from the radical 














axis of the given circles ; and therefore conversely, if a variable circle 
touch a given circle, and cut a given straight line at a given angle, 
or, more generally, if its radius vary as the distance of its centre 
from a given straight line, it shall also touch another given circle. 

I shall here give a few remarkable applications of the foregoing 
useful theorem. 

Ist. Let OB D be a quadrant, and C the centre of circle LEG 
inscribed in it, and let x be the centre of the circle P /'m touching 
the two former and the radius 0B; then P O=7 times Pn. 

For the circle L' £ G’, inscribed in the adjacent quadrant, 0B D’ 
will obviously be equal to circle C, 
and touch it in Z,and 0 C’ will be 
parallel to the tangent LA, as both 
are perpendicular to OL. Complete 
the rectangle HL Kn, and produce 
Hnto M and N; then as (by Art. age 
5, Cor.) LK is the radical axis of - Fig. 4. 
circles 0 and C, which are both touched (in the same sort of way) 
by circles x and C’; therefore, by the foregoing theorem, Cor. 5, 
nK:nP=OL:C'E; andasOL=O0OC-+ CE is the sum of the 
side and diagonal of a square, @ , whose side CL = C' E; therefore 
nK must equal the side and diagonal of a square described on n P, 
and therefore equal to n P+» M, since MPn, OH N, OC C' are 
obviously isosceles right-angled triangles. Now, as 0/' = OL, there- 
fore On— OH= HL—unF =n K—nP, and therefore =n M= 
HM— Hn; that is, equals OH— Hn. Thus the three sides of the 
right-angled triangle x HO are in arithmetical progression, and 
therefore they are to each other as 3,4, and 5. Buta» V=nH+ 
HO and nM= H O— An; hence, then, n V:n M=—4-+ 3:4—83, 
that is, equal 7:1; but PO: Pn=PO:P WM; and therefore by 


similar triangles =x V:n M= 7:1. 
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Cor. The point of contact m is four times as far from 0 D as 
from OB. For if Cmn produced, meet O B in &, then by similar 
triangles R CL, Rn P,we get RC: Rnun=CE:nP; that is, equals 
Cm:mn; therefore R C is cut harmonically at m and n, and so RC, 
Rm, Rn are in harmonic progression, and therefore CL, mm’, and 
n P, which are proportional to them, are also in harmonic progression, 


mm being perpendicular to OB; and therefore their reciprocals, 


OR OR 
namely, OE’ mnt 


course Gay will remain so still when diminished by the equals 


RE R mi so Pp OE Onl OP . . ‘ 
CE —amnl —p that is, 7 = and —p are in arithmetical 


7 


: OE OP 
progression, and as Ck is obviously equal 1, and ——; was proved 


equal 7, therefore —— ts ; must equal 4. 


OR ; ; . ° 
nd ——, are in arithmetical progression ; and of 
t 


The foregoing ‘isisaieaion is easier than and preferable to 
that inserted by me in “ Zhe Educational Times” for June, 1857. 
The celebrated Tuomas Suvpson first discovered this theorem (0 P = 
7X Pn), and gave, in page 284 of his Algebra, an algebraical 
demonstration of it which is excessively complicated with surd re- 
ductions. 

2d. Let circles O and 0’ touch the ordinate CD, and the semi- 

circles ADB, Ad C,and Bd C. 

I say circle O= circle 0’. For 

the tangent AF is the radical 

axis of circles ADB and Ad C, 

both of which are touched by 

the circles O and Bd' C, whose 

Fig. 5. centre is G; draw EOF par- 

allel to AB, through the centre 0 and the point of contact FZ, then 
by foregoing Cor. 5, OF: OF = GA:GB-. EF: 20E=AB:BC; 

ACX BC 


and as EF = z , eae —20E; that is, the diameter of 
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circle 0 is one half a harmonic mean between A C and B C; and 
the same value would obviously be found for the diameter of 
circle 0. 

Nore. It is easy to prove that CD°=— CE’+- CE”, and CE X 
C E' = CD the diameter of 0 or @’. 

3d. Again, let OBZ D be a quadrant, 0 O' its circumscribed 
square, DF GO and BHGE semicircles 
whose centres are C and P touching each 
other in G, and A the centre of a circle 
touching the three former; then rad. PB 
=408, and rad. AL =} OB, and G will 
be twice as far from O D as from OB, and 
AC OP will be a rectangle. For as DO’ is 
the radical axis of the circles whose centres Fig. 6. 
are O and C, which are both touched by the circles P and C"’ (0 C’ 
being taken equal and opposite to 0 (’), and as C' O=4 C' D.«. by 
Cor. 5, the rad. of P = 4 of P’s distance from D O'; that is, P B= 
40 D=% OB; andrad. of A= 4 of A’s distance from D 0’; hence 
O B is trisected at P and £. Now, the distances of G from 0 D and 
O B are obviously equal the distances of CG P from 0 and £; and 
therefore the former is double the latter, since PO—=2PE. Again: 
as BO’ is the radical axis of circles 0 and P, which are both 
touched by the circles Cand A, and as the radius of ( is obviously 
= 4 of C’s distance from BO’; therefore, by Cor. 5, the radius of 
A= 4 of A’s distance from BO’. Now draw cc’ and pp’ through 
A parallel to the sides of the square, and therefore equal to them. 
Therefore Ac —=2ALZ, and Ap'=3AZL, and therefore 0 L— 
AL, OB—Adc,and OD— Aj’; that is, 0A, Ac,e O are in arith- 
metical progression, and, as they form a right-angled triangle, there- 
fore they are to each other as 3, 4,5. Hence if #= radius of 
0, and r= rad. of A, R—2r: R—3r—4:3, which gives R= 6r; 
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and so Ae (or Op) = R—2r.-.= 3% R= OP, and Ap(or 0c)= 
R—3r..=4R=0C; so the points ¢ and p coincide with C and 
P, and therefore A € 0 P is a rectangle. 

4th. Again: if the circle whose centre is A touch the quadrant 
BLD, and the semicircles described upon its limiting radii OB, 
OD, then 

rad. of A: rad. of BL D=V¥2—1:38¥2—1=—1:54 2y2. 

Since the radical axis of each pair of three circles meets in one 
point, therefore the chord OG must 
pass through the opposite corner of the 
circumscribed square O00’; and it is 
evident that the centre A and the point 
of contact Z will lie on OG O'. Com- 
plete the square A CO’ P, and for the 
reasons assigned in the foregoing (3d), 
AC or AP =3 times rad. AL. 

Fig. 7.  AO=APY2-.=3 ALY 2, 

and ..AL(3¥2—1)=LO=00— 0L= 0B (y¥2—1); 
hence AL: OB =V2—1:3Y¥2—1; ore. OB=AL(5+ 2y 2). 


See Ques. 351 of Cotznso’s Trigonometry. 





5th. If the semicircles on the diameters AB, A C, touching each 
other at A, be both touched by the 
circles whose centres are 0 and 0, 
which touch each other at 7’; de- 
mit OF and 0’ @ perpendiculars 
on ACB; then if 0F =n times 
diameter of 0, OG will be equal 
(n+ 1) times diameter of 0’, 0’ be- 
ing nearer to Athan Ois. For,by Fig. 8. 
Art. 6, Cor. 4, the centre of similitude P of O and 0’ will lie upon the 


radical axis of the semicircles on AB, A C, which is their common 
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tangent AP at their point of contact A (Art. 5, Cor.); and as 
(by Art. 6, Cor. 2), PA= PT, .. by similar triangles 0 7’= O'g 
and Of = OT, f and g being the points where AF cuts OF and 
OG; f and g must therefore be upon the peripheries of circles 0 
and 0’. Now, by similar triangles, Ff:@Gg—AF:AG=PO0:PQO, 
.. by Art. l= Of: O'g, and -. Ff + Of:2 Of = Gat 09:209; 
that is, Of + 2 Of:2 Of = O'G:2 Og; and as by the hypothesis 
OF=n times 20f -. OF +20f=(n+1) times 2 Of; and 
hence also OG =(n-+1) times 2 O'g. The same proof holds 
true if the two original semicircles touched each other exter- 
nally at A. 

Cor. As the semicircle on diameter B C touches the two given 
semicircles, and as the distance of its centre from AP is zero, or 
= 0 times its diameter, therefore, if circle whose centre is 0, touches 
these three semicircles, the distance of its centre from AP will be 

-equal its diameter; and thence, if the circle whose centre is 0 touch 


the circle 0 and any two of the three semicircles, the distance of its 
centre from ABP will be twice its diameter, and if the circle whose 
centre is 0” touch the circle 0’ and touch the same two of the three 
semicircles that 0’ touches, then the distance of 0” from A B will 
be three times diameter of circle 0”, and so on. 


The preceding beautiful theorem, so remarkable for elegance 
and generality, was known to the ancient geometers under the 
name of “AgSytos, or, The Shoemaker’s Kiife. 

Scnonium. When one of the two original semicircles becomes 
infinite, the truth of the theorem follows at once from the principle, 
that the common tangent to two circles that touch each other 
is a mean proportional between their diameters. For, let the circle 
whose diameter is 4 and its tangent at A be touched by the cir- 
cles whose diameters are d,,d),d,;, which touch each other consec- 
utively, B, C, and D being their points of contact with their com- 
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mon tangent, then AB’ = 4d,, AC? = Ad,; and B C?=d,d,; there- 





AB*x BC 
fore faxes = d? and 
ACQ*X BO 4. AB_ AC 
,) ie ee See 
ced ae ondias os = 
= sae ~ BO 
AB+BO__AB 
+30 =pFot!l: hence 
ae ae AB ‘ 
if Ze, + will be = 


n-+-1, which proves the the- 





Fig. 9. orem in this particular case. 

Remark. Since also AD®?=J4d;, and CDP?=d,d;, .. AB’ X 

CD? =A d,d,d;, :..= AD? & BC”, and therefore ABx CD= 

AD X BC, so that AD is cut harmonically at B and C, and there- 

fore AC X BD=2AB xX CD, and therefore BD? = **5 X02", 
4 Ad, dd, 


A d, 
the diameters of the two circles and their common tangent holds 


true, in general, for the two circles that can be described touching 
any three circles that touch each other. I proposed this remarka- 
ble theorem in an old number of “ The Educational Times ;” but no 
geometrical demonstration of the general case has yet appeared. 
The foregoing particular case is that in which one of the three cir- 
cles that touch each other becomes infinite. 


that is = = 4d,d,, which remarkable relation between 


21 Epen Quay, Dustin, IRELAND, February 26, 1859. 


Norte. — We commend this very interesting article to the attention of our readers. 
Its fundamental propositions depend so directly upon the Elements of Geometry as 
given in all our text-books, that it will be read with ease by all. Those who wish 
to pursue this subject, including the more general problem of contact, will find it 
treated by the following authors: Parrus, Viera, Descartes, Newton, EuLer and 
Fuss (Memoirs de [ Acad. de Pétersbourg, 1788); Monae, ( Correspondance sur l Ecole 
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Polyt., tomes I. et II.) ; Gauttrer pe Tours (Journal de [ Ecole Polyt. 1813); Grr- 
GONNE (Memoires de [ Acad. de Turin, 1814, Annales de Math., tomes IV., VII., XI.) ; 
DuRRANDE and PoNnceELET (Annales de Math., tome XI.), Lesiie, Purssant, STEINER 
(CrELLE’s Journal, tome I., Annales de Math.,tome XVII) ; Library of Useful Knowl- 
edge, Vol. on Geometry, ALVoRD (Smithsonian Contributions). This list, which is by 
no means complete, shows the amount of research which has been devoted to this sub- 
ject by many of the ablest geometers. 

The term, Centre of Similitude, was introduced by Monee, and that of Radical 
Axis by GAULTIER DE Tours. 

In regard to the theorem 5th, page 276, it may be stated that a paper on this 
subject was read March 9th, 1858, before the American Academy of Arts and Sciences, 
by Mr. J. B. Hencx. In this paper, which is mentioned in the Proceedings of the 
Academy, and which will probably appear in its Memoirs, the above theorem, with 
other properties of tangent circles, is demonstrated and extended to the case in which 
one of the fixed circles is tangent to the other externally, as well as to the case in 
which it becomes a straight line. 

It may be remarked also, that Parrvus, in Book IV., Theorem XV., of his Mathe- 
matice Collectiones, demonstrates that (CoLuins’ Fig. 8, page 276), OF 42 Of: 
2 Of:: O' G:2 O'g, which, if OF =n Xx 2 Of, becomes n K 2 Of + 2 Of:2 Of:: 
n+1:1::0'G:2 0g. Of this interesting theorem Pappus gave two special cases 
worthy of note. (1) Ifn=0, 1, 2, 3, &c., we obtain the corollary on page 277, the 
case in which the first of the series of inscribed tangent circles is described on BC as a 
diameter. This case is Pappus’ Theorem XVI., and was referred to by him as the 
Arbelos. (2) Ifn=4, $, $, &c., we have the case in which the first circle is tangent 
to B C, which is Parrus’ Theorem XVIII. 

It is a little singular, that Lesi1e, devoted as he was to the ancient geometry, while 
demonstrating the first of these cases, should have entirely omitted the second, which is 
equally remarkable. 

In Guiu’s Mathematical Miscellany, a problem is given which requires the sum of 
the areas of all the inscribed tangent circles. Solutions are given by the Editor, and Dr. 
THEODORE StRONG, both of which incidentally develop many interesting properties. 


NOTE ON THE COURSING JOINT CURVE OF AN OBLIQUE 
ARCH IN THE FRENCH SYSTEM. 


BY DEVOLSON WOOD, C. E., 
Assistant Professor of Engineering in the University of Michigan. 


Tue equation of the curve, as given by me in the March number 


— * 
of the Monruty, should contain —- 


as a factor, imstead of cot 6. 
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The differential triangle adc is right-angled atc, instead of 4, and 
hence we should have 

be 

an — 

But to find the equation in terms of z instead of s, let a right 
section be made through d, and the 
angle which this section makes with 
the section parallel to the face is 
6. Hence 4d, which is the perpen- 


dicular of the right-angled triangle a4 d, 


equals °° i. 
ais = ~———_. 
= cos 6 cos 8 


bd _— — tanz = sing tan 6 
ab cosOdx seat a ? 


: , rd 
which gives dz—-——?_; 
sin @ sin g 
. . rT 

or by integration 2 = — ; (log tan § pg — log tan $ ¢,). 

Now, for y,— any finite value, z will have some finite value 
fe —7; hence every coursing joint will pass through the crow 
or Y =35; ry sing j pass t gh t wh, 


if sufficiently prolonged. Take the origin of codrdinates such that 


— vf . 
the initial value of y, = 5, and the equation becomes 


rT 
— & é 
a= —— log tang. 


If g, be the superior limit, the equation will become 
Tr 
t= —— (log tan $ 9, — log tan} @). 
ia sel n 
Now if y, = 5, we have 
r 


z= — log tan $y = —— log cot $9, 


sin @ 


which is the same as that given on page 210; and only lacks the 
constant of integration. 





EQUATION OF THE COURSING JOINT CURVE. 


BY WILLIAM G. PECK, 
Adjunct Professor of Mathematics in Columbia College, New York. 


Tue equation of the developed “coursing joint curve” may be 
found as follows: Assuming the figure and general notation of 
page 209, we have for the equation of a developed ring joint, 

(1) yar versin® sin 6, 
in which a is arbitrary, corresponding to any ring joint. The upper 
sign corresponds to the case represented in the figure in which the 
arch skews to the right, and the lower one to the case in which it 
skews to the left. There will consequently be two equations. The 
equation of the developed coursing joint will be of the form 

(2) f(2,9)=0. 

Differentiating (1) we find 


(3 oY _ + rsin 6 sine 
iq = Fr sind sing. 
The condition that the curves (1) and (2) are to be normal to 


each other requires that 


9 dy dx 
o> a eae, 


— dy . 
or substituting for & its value taken from (3), we have 


2 


ioe dz _g 
” —rsiné oak i , 


d 
whence de=+——.—. 
. sing sing 


Taking the upper sign and integrating, we have 
4 
= — log t a 
t= = log tan 39 +¢ 
Taking the lower sign and integrating, we have 
r 
= -_——— oe z ) » 
t= =; log cot sy + ¢ 


The latter equation is the same as that on page 210. 
VOL. IL. ; 37 





REMARKS UPON CAYLEY’S (SUPPOSED) NEW THEOREM 
OF SPHERICAL TRIGONOMETRY. 
BY W. CHAUVENET, 
Professor of Mathematics in the United States Naval Academy, Annapolis, Md. 


Tue February number of the Philosophical Magazine contains a 
note by Mr Caytey, in which he gives as new, the following equation 
or theorem of Spherical Trigonometry : 


sin b sine + cos d cose cos A= sin B sin C— cos B cos C cosa, 


and the March number of the same magazine contains a demonstra- 
tion of the theorem by the Astronomer Royal. Mr. Caytey gives 
an analytical demonstration of it; Mr. Airy, a geometrical or semi- 
geometrical demonstration. 

It is remarkable that a standard work like Caenour’s Tirigonometrie, 
published in French, in 1808, should be so little known in England 
that this theorem, which is the especial property of Cacgnout, should, 
after half a century, be treated as new by mathematicians like Cay- 
Ley and Airy. Not only does Caanomt give the theorem (in Art. 
1139 of his Trigonometrie) together with its demonstration ; but he 
also makes an application of it (in Art. 1135 of the same work) to 
the solution of the problem of finding the aberration in declination 
of the fixed stars. 

But the theorem might have been found also in DeELampre’s 
Astronomie (Vol. I, Chap. X., Art. 77), where it is ascribed to Cagnout, 
but differently proved. It is a singular coincidence, that CayLey’s 
analytical demonstration is essentially the same as Cagnoui’s; and 
Arry’s geometrical demonstration the same as DELAMBRE’s. 

There is one property of this equation which deserves notice 


here, although it is sufficiently obvious to have attracted the atten- 


tion of others. It is, that if one member of it is applied to the polar 
triangle, it gives the other member; that is, either member is a function 
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which has the same value in the given spherical triangle and in its polar triangle. 
Thus, if we denote the sides and angles of a spherical triangle by 
a,b,c, A, B, C, and those of its polar triangle by a’, U’, ¢, A’, BY, C, 
we have 


sin } sin e + cosb cose cos A= sind’ sine’ + cos J’ cose’ cos A’. 


There are several other such functions in spherics. Thus we 
have 
sin } sine sin? A= sind’ sine’ sin’ A’. 
If x is a function such that 
nv’ = sin s sin(s —a@) sin(s—d) sin(s—e), 
in which s=4$(a+-+ ce), and if n’ is the same function of the 


sides of the polar triangle ; then 


nsin A—w sin A’. 
We have also 


B+ 


cos < si 
8s-—silM- 
2 


C'4- sin? cos "—co 4 in2 +O 4 sin? ieee 
—|- sin - cos ——- = cos = sin —_— + sin= cos—.— 
2 2 2 2 : 

and others of the same kind, which, however, are too complicated to 


be useful, and are not worth repeating. 


2 


A SECOND BOOK IN GEOMETRY. 


REASONING UPON FACTS. 


BY THOMAS HILL. 


[Continued from page 256.) 


CHAPTER IV. 
ANALYSIS AND SYNTHESIS. 


41. Wuart I have called demonstration or deduction, but which is better called synthesis, 
because it is a putting together, one by one, of the parts of a complex truth, is the only mode 
of proof that you will usually find in works on geometry. And if such works are carefully read 
they are always intelligible to a child of good geometrical reasoning powers. 
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42. But the study of such works does not always teach a child to reason for himself. The 
pupil says, “ Yes, I understand all this, and yet I could not have done it without aid; I do not 
see how the writer knew where to begin; how he knew that by starting from these particular 
truths, and going on that particular path, he could reach that proposition.” A pupil who had 
never studied geometry could not, for instance, tell why in articles 34-36 we should begin with 
showing that vertical angles are equal. He would not see any connection between that truth, 
and the desired proof; and would not know that this synthesis had been preceded, in the mind 
of the writer, by a rapid analysis, such as that of Arts. 26-31. 

43. It is as though a mountain guide, wishing to make for a child a path up to a mountain 
peak, should lead him along the highway, until the peak was hidden, and then begin boldly to 
clear a road, through the brush-wood and trees, until he reached the top. The child might say, 
“ How did you dare begin at once to cut down the bushes and clear the path? How did you 
know that the road you were making would not lead you to the edge or to the foot of some 
precipice, or that it would not take you to a different peak from that which you wished to 
climb?” And if the child received no answer to his questions, — if he was not told that the 
guide had already climbed to the summit and again descended, he would have learned little to 
help him in laying out paths for himself: 

44. In like manner, although the descent from difficult propositions to more simple is more 
tedious than the ascent, it will be more useful to a learner, because it will show him the manner 
in which, by a mental process, we discover the points from which we are to start in our ascent. 
This is to say, if we follow a good analysis, we shall learn how to perform synthesis for ourselves ; 
but if, we were simply to follow a writer’s synthesis, we should not learn how to analyze, which 
must nevertheless always go before synthesis. 

45. Among the first requisites in reasoning is a clear understanding of the object in view ; 
that is, of the point to be proved; and next, a clear perception of each particular part of the 
demonstration, and of the connection of each part with the adjacent parts. 

Thus in laying out a path up a mountain, it is necessary to know exactly from what point 
you wish to start, and to what point you wish to go. It is also necessary to examine care- 
fully each point of the road, for a single impassable place would destroy the value of the 
whole road. 

46. Each step of the proof must be a simple step, and clearly true; that is, it must be so 
simple and self-evident as to be beyond all doubt. 

47. The analysis must end, or the synthesis begin, with truths that are self-evident, or else 
that have been already proved. Your mountain path must begin on level or at least on 
accessible ground. 

48. Care must be taken not to introduce any thing as true which has not been proved. 
This would be like starting your mountain road in two places at once. You might afterwards 
find impassable barriers between the two parts of your road, and perhaps find that one of them 
could not be made to the top of the mountain, nor the other to its base. For example, in 
Art. 36, I drew a straight line through A, parallel to BC: This was very well — for no one 
can possibly doubt such a line might be drawn. But if, instead of that I had said, let us draw 
a straight line through A in such a manner as to make the angles on the two sides of A equal 
to the angles B and C, I should have done what I had no right to do. For that would be taking 
for granted a thing which I must prove: namely, that a straight line can be thus drawn. It 
would be starting half way up my mountain, and taking for granted that the lower part of the 
path could be built afterwards. 


49. Whether we reason by synthesis or analysis, we must therefore reason very carefully, 
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in order to connect the proposition which we wish to prove by a stairway of self-evident steps 
with a self-evident foundation. 

50. By a self-evident truth, I mean a truth which cannot be made any plainer, and which 
is already perfectly plain to an intelligent person who looks steadily at it. For instance, that 
two straight lines can cross each other only once ; that any curve can be cut by a straight line 
in at least two places; that either side of a triangle is shorter than the sum of the other two ; 
that if three strings, and no more than three, come from one point, one of them must have an 
end at that point; these are self-evident truths. 

51. By a self-evident step in reasoning, I mean the statement of the relation of one truth 
to another, or of the dependence of one truth upon another, when that dependence or that 
relation is itself a self-evident truth. Self-evident steps in reasoning are simply the statement 
ot self-evident truths of connection. For instance, when we have explained the meaning of 
“a straight line” by calling it a line that has in every part the same direction, and have ex- 
plained the meaning of an angle by the difference of two directions in one plane, 
then it follows that the angle which two straight lines make with each other is the 
same in one part of the lines as in any other; and that the two different angles 
apparently made by two straight lines cannot really be made, unless one of the 
lines goes in two opposite directions at the same time. No reasoning can make the connection 
between these definitions and the equality of vertical angles any more plain. It is a self-evi- 
dent connection. 





Cc 











52. Or, suppose that we say that you cannot make one rope go from a centre post to the 
four corners of a square, and also around the square, and have but a single rope from post to 
post. We should prove it in this way. Let there be a rope around the square, and going also 
from each post to the centre. This of course can be imagined. It is a definite and allowable 
conception. But we will also prove that this rope must be in two pieces. For each of the 
four corners will have three lines coming from it, one towards each adjacent corner, and one 
towards the centre. Thus it follows by self-evident connection, from the conception of the rope 
going around the square and to each corner, that there will be four points, from each of which 
three lines come. But it is a self-evident truth that at each of these points there must be one 
end of the rope. Hence, by self-evident connection, there will be four ends of rope about the 
square. Hence, by self-evident connection with the self-evident truth that one piece of rope 
can have but two, and must have two, ends, it follows that there must be two pieces of rope, 
and cannot be only one. Now the whole of this proof is simply the statement of self-evident 
connections between the proposition that one rope cannot go around a square and also from 
each corner to the centre without doubling, and the self-evident truths that a piece of rope 
must have two, and cannot have more than two, ends; and that when only three lines of rope 
come from one point, one of them must end at that point. The proof is simple; and yet intel- 
ligent men have spent hours in experimenting with a string and five posts thus arranged; or 
with a pencil and five dots representing posts. 


53. Many self-evident truths are general, and self-evident steps are generally the recogni- 
tion of general relations; and therefore most writers on reasoning, say that reasoning consists 
simply in showing that a particular case comes under a general class. 


But in the mathematics, 
there are many self-evident truths which it is difficult to state in a general form; and I there- 
fore think that the explanation which I have given of the process of reasoning, will be of more 
use to you in your geometrical studies. 





Mathematiol’ Monthly Notices. 





Elements of Mechaniés; for the Use of Colleges, Academies, and High Schools, By Wi11- 
LIAM G. Peck, M. A., Adjunct Professor of Mathematics, Columbia College. New York : 
A. S. Barnes & Burr, 51 and 53 John Street. 1859. 


TuHE standard the author of this work had in mind, though not the method of demonstra- 
tion employed in its preparation, is sufficiently obvious from the title-page, even if his preface 
had not contained the formal statement that it is intended to occupy middle ground between 
works on Natural Philosophy of mere description, without any attempt at rigorous demonstra- 
tion, and those demanding considerable knowledge of the higher mathematics. 

The question which at once suggested itself to us was, ought the author to have used the 
principles of the calculus? If it was intended that the work should be studied after the 
Elements of the calculus, there could be no question about it. But if, on the other hand, 
it is to be put into the hands of those who have not studied the calculus, however thoroughly 
they may have mastered the more elementary branches, then it is as certain that the calculus 
should not be used. The author has, therefore, in using the calculus in the chapters “ On 
the Centre of Gravity,” “On Motion,” &c., limited the use of his work by so doing. We 
should regret this the less, if we felt less pleased with it. When the elements of the higher 
mathematics are as generally studied as they should be, in our institutions of learning, then Prof. 
PEck’s work will be well adapted for the use of Colleges, Academies, and High Schools. Now, 
as a whole, it is only adapted for use in those institutions in which the study of the calculus is a 
part of the required course, and is taught to all; but this is less a criticism of the book than of 
the present mathematical standard in our system of education. 

In deciding what subjects to introduce, in what order to arrange them, and how general 
a discussion to give them, we think the author has shown good judgment. If, in the few cases 
investigated by the calculus, an analysis had been used which the student of elementary geom- 
etry or algebra could comprehend, and the demonstrations, at present in the text, were in the 
margin, thus adapting the work to both classes of pupils, we hardly know in what other respect 
it could be materially improved ; unless it be, as it seems to us, to add under each head a few 
more difficult examples to the judicious selection already given. The calculus is an elective 
study in some of our best colleges, and when such is the case but few indeed elect it. In acad- 
emies and high schools, the study is always elective, so far as we know, and never studied at 
all in such institutions, unless the teacher happens to be a good mathematician himself, and is 
ambitious to teach a whole course of pure mathematics; and even in such a very favorable 
case, only a very small class at best can usually be found prepared to take it. To be sure, 
only its very first and simplest principles are used in the book before us; but this does not 
in the least remove the difficulty, since the notation even of the calculus is peculiar, and its 
fundamental conceptions equally new to one whose mathematical knowledge is confined to 
the simpler elements of mathematics. We know it has been, and is still, a question with good 
teachers of mathematics, whether it is better for the student, when the subject demands 
the calculus, to take a work which avoids it by resort to methods, which, however general 
they may be in their character and uniform in their application, no one conversant with the 
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calculus would ever think of using as a means of investigation ; or whether he will not in the 
end be by far the gainer in all respects by first mastering the elements of the calculus, and af- 
terwards using it in all investigations demanding the infinitesimal analysis. Werrtspacn’s Trea- 
tise on Mechanics and Engineering, in which the calculus is not used, but in which ability of a 
high order, with large experience, is taxed to furnish the best possible substitute, is a good case 
in point. We are free to admit, that we should much prefer, and we think it would be alto- 
gether best for the student, to teach him the calculus first, and then a WEISBACH written in its 
language and symbols; and we hope yet to see this branch much more generally studied in our 
schools, and introduced much earlier in the course. But this is hardly to be expected so long 
as the standard for admission to college is so low, and especially as compared with the ancient 
languages. This inequality in the preparatory course is even more unfortunate for the mathe- 
matics after than before admission to college. 


A Tract on the Possible and Impossible Cases of Quadratic Duplicate Equalities in the Dio- 
phantine Analysis: To which is added a short but comprehensive Appendix, in which 
most of the useful and important Propositions in the Theory of Numbers are very con- 
cisely demonstrated. By Mattrurew Cot.ins, B. A., Senior Moderator in Mathematics 
and Physics, and Bishop Law’s Mathematical Prizeman, Trinity College, Dublin. 


The following synopsis of the Contents of this Tract will give the best idea of its character ; 
and to those of our readers interested in this department of analysis we most heartily com- 
mend it. 


The possible and impossible cases of the following sets of two simultaneous equations are 
treated, namely : 


Cuap. I. x? -+- ay’ and z?— ay? = squares. 
Cuap. II. z+ y and z?-+ ay’? = squares. 
Cuapr. III. z+ y and z*—ay*= squares. 


By one uniform method it is proved that the first set is impossible for all integer values of a 
less than 20, except 5, 6, 7, 13, 14, or 15; the second set is impossible for any integer values 
of a between 1 and 20, except 7, 10,11, or 17; and the third set for any integer values of a 
between 1 and 18, except 7 or 11. General formulas are given, much shorter than FERMAT’s 
method, for finding any number of solutions in integers prime to each other. 


Chapter II. also contains a scholium, giving very extensive and important additions to the 
few cases in which the equation 


azx*+ bz? y+ cy‘= a square, 
was heretofore known and proved to be impossible by Fermat and Evuter. 
The Tract closes with a list of over three hundred and fifty subscribers, including the names 
of HamiLtton, GRAVES, JELLETT, LARDNER, WOOLHOUSE, and others, well known in this 
country ; and those wishing to procure it will consult the third page of cover. 











Ciitorial Stems, 


Tue following gentlemen have sent us solutjons of the Prize Problems in the February 
number of the MonTHLY : — 

GreorGe B. Hicks, Student, Cleveland, Ohio, answered all the questions. 

Artuur H. Wrieut, Senior Class, Yale College, answered all the questions. (H. A. 
Newton, Prof:) 

Joun Y. BEDINGFIELD, Student, Bowdon Collegiate Institution, Bowdon, Carroll Co., Ga., 
answered all the questions. (Jonn M. RicuHarpson, Prof. Math.) 

A Student in Union Square Academy, Baltimore, Md., answered all the questions but 
Il. (Joun McNevny, Prof.) 
*  Asuer B. Evans, Junior Class, Madison University, Hamilton, New York, answered all 
the questions. (L. M. Ossorn, Prof.) 

WitiiaM E. Merrit, Cadet, First Class, U. S. Military Academy, West Point, N. Y., an- 
swered all the questions. (A. E. Cuurcn, Prof.) 

Wa ter Hotvapay, Student of Mathematics in the University of Virginia, answered all 
the questions. (A. T. BLEpsor, Prof:) 

F. Ricuarpson, Junior Class, Haverford College, Delaware Co., Pa., answered all but 
questions III and V. (M. C. Stevens, Prof.) 

Joun R. Meras, Junior Class, Columbian College, Washington, D. C., answered all but 
questions III and V. (Epwarp T. Fristor, Prof.) 

Greorce A. OsBporne, Jr., Student in the Lawrence Scientific School, answered all the 
questions. (H. L. Eustis, Prof.) 

Davip TrowsrinGEr, Student, Perry City, Schuyler Co., N. Y., answered all the ques- 
tions but I. 

Isaac H. Hatt, Senior Class, Hamilton College, Clinton, N. Y., answered all the questions. 
(OreEN Root, Prof.) 

GrorGcE W. Jones, Jr., Senior Class, Yale College, answered all the questions. (H. A. 
NEwrTON, Prof.) 


It gives us pleasure to add the following names to our list of co”perators and contributors : 
S. E. Bensamny, Esq., Patten, Me. ; JAmMEs CLARK, Esq., Wayne, Me. ; Tuomas P. StowE Lt, 
Esq., Hornellsville, Steuben Co., N. Y.; CHartes D. LAwrence, Professor of Mathematics, 
Bethel College, Russellville, Ky.; Bensamry Atvorp, Major U. 8. Army, Fort Vancouver, 
Washington Territory ; Dr. Wint1am J. WALLER, President of Shelby College, Shelbyville, 
Ky. ; Joun Borven, Esq., Chicago, Ill.; Rev. ANrTHoNy VaLuaz, Phil. Dr., Late Ordinary 
Professor of Mathematics in the Royal University of Pesth, New Orleans, La.; Jonn A. 
Nicno ts, Professor of Mixed Mathematics in the Free Academy, New York City; ApoLrx 
WERNER, Esq., N. Y. Free Academy We have more material on hand accepted for pub- 
lication, than is contained in the eight numbers of the Monruty already issued. This will ex- 
plain why contributions are so often delayed beyond the month for which their authors intended 
them. This is a matter entirely out of our control, and must remain so, while we are obliged to 
confine the MonTH Ly to its present number of pages per month. 
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Examination Papers, 1821-1836, with an appendix contain- 
| ing the Senate House Questions for 1837. 8vo. $3.00. 


MontTFERRIER. Encyclopédie Mathematique ou Exposition 
complete de Toutes les Branches des Mathematiques d’apres 
les principles de la Philosophie des Mathematiques de Hoéné 
Wronski. 3 vols. 8vo. $6.00. To be continued in Monthly 
Livraisons. 

hf. 


OLIVIER. 2 vols. 4to. 


mor. 


Cours de Geométrie Descriptive. 
$10.00. 


| QuaRTERLY JourNAL of Pure and Applied Mathematics. No- 
vember, 1858. No.1. Vol. 3. $1.50. 


Rankine. Manual of Applied Mechanics, 1858. $3.00. 


Reenavutt. Manuel des Aspirants au grade d’Ingénieur des 
Ponts et Chaussées. Partie théorique et Partie pratique. 
4 vols. 8vo. hf.cf. $10.00. 


Conic Sections. $3.50. 
$3.50. 
Serret. Eléments d’Arithmétique. 8vo. hf. cf. $1.50. 


SALMON. 


Higher Plane Curves. 


Sonnet. Premiers Eléments de Mécanique Appliquée. 12mo. 
hf. cf. $1.75. 


Terquem. Nouvelles Annales de Mathématiques. Tomes VIII. 
a XVII. Corresponding to the years 1849 to 1859. 10 vols. 
hf. ef. 


Bulletin de Bibliographic, d’Histoire et de Bio- 
graphie Mathématiques. 8vo. hf. cf. $3.00. 





























THE NATIONAL SERIES OF MATHEMATICS. 


BY CHARLES 


DAVIES, LL. D., 


PROFESSOR OF MATHEMATICS IN COLUMBIA COLLEGE, N. Y. 


PUBLISHED BY A. 8. BARNES & CO., 


51 & 53 JOHN STREET, NEW YORK. 


> 





Elementary Course. 
Retail price. 


- $015 
+ 020 
0 25 
0 45 
0 45 
0 75 
0 50 
0 30 
075 
0 50 
100 
100 


DAVIES’ PRIMARY ARITHMETIC & TABLE BOOK. 
DAVIES’ FIRST LESSONS IN ARITHMETIC. ° 
DAVIES’ INTELLECTUAL ARITHMETIC. . 
DAVIES’ NEW SCHOOL ARITHMETIC. . 
KEY TO DAVIES’ NEW SCHOOL ARITHMET 
DAVIES’ NEW UNIVERSITY ARITHMETIC. 
KEY TO DAVIES’ NEW UNIVERSITY ARITH 
DAVIES’ GRAMMAR OF ARITHMETIC. 
DAVIES’ ELEMENTARY ALGEBRA. ° 
KEY TO DAVIES’ ELEMENTARY ALGEBRA. 
DAVIES’ ELEMENTARY GEOMETRY & TRIG 
DAVIES’ PRACTICAL MATHEMATICS. . 


ic. . 
METIC. . 


ONOM. 


A. S. Barnes & Co. have the pleasure of announcing, that 
on ALGEBRA, by Proressor Davies, entitled 


Atannreh Course. 


DAVIES’ UNIVERSITY ALGEBRA. . . 
KEY TO DAVIES’ UNIVERSITY ALGEBRA. 
DAVIES’ BOURDON’S ALGEBRA. . ‘ 
KEY TO DAVIES’ BOURDON’S ALGEBRA. 
| DAVIES’ LEGENDRE’S GEOMETRY. ° 
DAVIES’ ELEMENTS OF SURVEYING. 
DAVIES’ ANALYTICAL GEOMETRY... 
DAVIES’ DIFFERENTIAL & INTEGRAL C 
| DAVIES’ DESCRIPTIVE GEOMETRY. _. 
DAVIES’ SHADES, SHADOWS, AND PER 
DAVIES’ LOGIC OF MATHEMATICS. _. 
| DAVIES’ & PECK’S MATHEMATICAL DI 


Retail price. 


ALCULUS. 
SPECTIVE. . 
CTIONARY. . 


enmnoeronmneac 
oacogaacoce 


they have just issued from their press AN ENTIRELY New Work 


DAVIES’ UNIVERSITY ALGEBRA. 


This work is designed to occupy an intermediate place between 
his Elementary Algebra and Bourdon. It teaches the Science and 
Art of Algebra by a logical arrangement and classification of the 
principles in their natural order, and by illustrating their application 


in an extended series of carefully arranged and graded examples. 
It is well adapted for use in High Schools, Academies, and Colleges; 

| the work being so divided and arranged that it may be studied in 
parts, or as a whole, forming a full and complete course. 





NATURAL PHILOSOPHY. 
PARKER’S JUVENILE PHILOSOPHY. . . 
PARKER’S FIRST LESSONS IN PHILOSOPHY. .  . 0374 
PARKER’S COMPENDIUM OF SCHOOL PHILOSOPHY. 100 

The present edition of Parker’s School Philosophy has been cor- 
rected, enlarged, and improved, and contains all the late discoveries 
and improvements in the science up to the present time. 

It contains engravings of the Boston School set of apparatus; a de- 
scription of the instruments, and an account of many experiments 
which can be performed by means of the apparatus, — and it . ~- 
culiarly adapted to the convenience of study and recitation. The 
work is immensel ee and in very extensive use, more so than 
any other work of the kind. Jt has been recommended by the Super- 
intendents of Public Instruction of six States, and is the Standard Tezt- 


Book in all the principal cities of the United States, and throughout 
Canada West. rf ‘ “ 


Price $0 25 


RON- 
$0 50 
eering 
m the catechetical plan, and co- 
for Young Pupils commencing 


oe FIRST BOOK OF PHILOSOPHY AND AST 
Q) a . . . . . . . 
By Wititam A. Norton, M. A., Professor of Civil Engin 
in Yale College. Arranged u 
piously illustrated. Designe 
the study of the science. 


THE FIRST BOOK OF SCIENCE — Two Parts in OnE. $100 


Part I. Naturat PuivosopHy Anp Astronomy. Part II. 
CHEMISTRY AND ALLIED ScrencEs. By W. A. Norton and J. 
A. Porter, Professors in Yale College. 
This volume treats of the elements of Natural Science, and is de- 
signed to meet the wants of young persons who do not intend to 
ursue a complete course of academical study. It is designed for 
ublic and Private Schools, and will be found admirably adapted to 
private study, and home instruction in familiar science. 


BARTLETT'S COLLEGE PHILOSOPHY. 


BARTLETT'S SYNTHETIC MECHANICS. 
BARTLET?’s ANALYTIC MECHANICS. 
BARTLETT’S OPTICS AND ACOUSTICS. 200 
BARTLETT’s SPHERICAL ASTRONOMY. ‘ 3 00 

The above are the Text-books in the U. S. Military Academy at 
West Point. 


$3 00 | 
400 


PORTER’S SCHOOL CHEMISTRY. 
First Book of Chemistry, and Allied Sciences, including 


an Outline of Agricultural Chemistry. By Pror. Joun A. Por- 
TER. Price 50 cts. 


Principles of Chemistry, embracing the most recent discov- 
eries in the Science, and the Outlines of its application to Agricul- 
ture and the Arts — illustrated by numerous experiments newly 
adapted to the simplest apparatus. By Joun A. Porter, A. M., 
M. D., Professor of Agricultural and Organic Chemistry in Yale 
College. Price $1. 

These works have been prepared expressly for Public and Union Schools, 
Academies, and Seminaries, where an extensive course of study on this sub- 
ject and expensive apparatus were not desired, or could not be afforded. A 
fair, practical knowledge of Chemistry is exceedingly desirable, and almost a 
necessity at the present day, but it has been taughtin very few Public or Union 
| Schools, owing entirely to the want of suitable text-books adapted to simple 
| apparatus, or such as could be readily obtai It is tly believed 
| that these works supply this great want, and will be found in every respect 
| just what is required. Boxes containing all the apparatus and materials nec- 
| essary to perform all the experiments described in these books, can be ob- | 
| tained for $8.00, by addressing A. 8. Barnes & Co., New York. 
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IN 


PRESS. 





Prof. Peck of Columbia College is preparing an Elementary Work on MECHANICs. 














MATHEMATICAL WORKS 


OF 


MATTHEW COLLINS, B.A. 


A Tract on Continued Fractions, containing several New and Important Views, 
Applications and Improvements of them. Price 4s. 


A Memoir on Crarravut’s Theorem, and some matters connected with it. Price 1s. 


A Tract on the Possible and Impossible Cases of Quadratic Duplicate Equalities in 
the Diophantine Analysis; to which is added a Short, hut Comprehensive Ap- 
pendix on the Theory of Numbers. Price 4s. 

A Memoir on the Attraction of Ellipsoids, considered Geometrically. Price 1s, 6d, 


*,* These works can be procured direct from the Author, Matruew Coxzins, Esq., 
21 Eden Quay, Dublin, Ireland, or through Triisner & Co., London. 


CONTENTS 


OF 


SECOND BOOK IN GEOMETRY. 


Part I. Or GeometricaL REASONING. 
“ TI, Tue Apprications or GEomeTRY. 
“ II. Sevect Propositions 1n GEOMETRY. 


PART 1. 

Carter I, Preliminary. — II. Definitions. — III. Nature of Demonstrations. — 
IV. Analysis and Synthesis. —V. Variety of Paths. — VI. Proofs of the Pythago- 
rean Proposition, and of the necessary Lemmas.— VII. A Second Proof of the 
same. — VIII. The Maximum of Isoperimetrical Figures, with the necessary Lemmas. 


PART 11. 

Cuarrer I. Geometrical Constructions; Instruments. — II. Postulates. — 
III. Straight Lines and Angles.— IV. Triangles. — V. Quadrangles. — VI. Circles, 
—VII. Areas. — VIII. Double Position by Geometry.—IX. Interpolation and 
Average. — X. Surveying. — XI. Heights and Distances, 


The above Table of Contents will give Teachers and Students avery good idea of Mr. H111’s 
*€ Second Book in Geometry,’’ begun in this numberof the Monthly. The problems and un- 
demonstrated theorems comprising Part III. instead of being given together, will be introduced 
just as fast as the student has gone over sufficient ground to understand them. It will be the 
aim of the author to furnish an elementary work embracing all the essential ideas ‘‘ On the 
Study of Geometry,” so ably set forth in former numbers of this Journal. .We hope teachers 
will put this book into the hands of pupils just commencing the study of Geometry, in order 
to fully test the question whether they can learn to invent demonstrations in Geometry with 
the same facility as they do solutions in Arithmetic and Algebra. We are indebted to Messrs. 
Hickx.ine, Swan & Brewer for most of the cuts to be used in the volume, 












































Abilosophical Instruments any Apparatus, 


MANUFACTURED AT 313 WASHINGTON STREET, BOSTON, 


BY E. 8. BITCHES, 
FOR ILLUSTRATING THE SCIENCE OF 
Pneumaties, Electricity, Chemistry, Optics, Hydrostaties, Hydraulics, 
Steam, Magnetics, Acoustics, Mechanics, Astronomy, Mete- 
orology, &c., with over 600 pieces; also, Mathe- 


matical and Engineering Instruments. 


Each article is warranted perfect. In designing the form, simplicity, as well as combina- 
tion of parts in the formation of new Instruments, is carefully studied; and to this end 
only two sizes of screw connections are used. 

Rricute’s Illustrated Catalogue, which will be sent by mail on application, contains cuts 
of over 200 pieces, including his improved Air Pump, Electrical Machine, Ruhmkorff and 
Atwood Apparatus, &c., the University of Mississippi Electrical Machine, having two six feet 
diameter plates and four pairs of rubbers; also, sets made up to assist purchasers in selecting, 
a. prices from $100 to $1,250 per set; and commendatory letters from eminent Physicists 
‘various parts of the country who are using his apparatus. 


WILLIAM BOND AND SON, 


17 CONGRESS STREET, BOSTON, 
Chronometer Wakers to the United States Gobernment, 


HAVE FOR SALE A COMPLETE ASSORTMENT 


OF MARINE AND SIDEREAL CHRONOMETERS, 


ASTRONOMICAL CLOCKS FOR OBSERVATORIES, 
WITH THE MOST APPROVED DESCRIPTION OF COMPENSATING PENDULUMS. 


They also manufacture the Sprrnc Governor APPARATUS, for recording Astro- 
nomical Observations by the aid of Electro Magnetism, known as the American 
Method, and adopted at the Washington and Cambridge Observatories in the United 
States, and Greenwich and other Observatories in Europe. 


Astronomical Instruments, Transits, Telescopes, &c., 


Of the usual description. Also, those for use at fixed Observatories, of larger dimen- 
sions, imported to order. 


























